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The study attempts to explore the inﬂuences of the surface effect resulting in an initial relaxed unstrained
deformation and the in-layer non-bonded van der Waals (vdW) atomistic interactions on the mechanical
properties of single-walled carbon nanotubes (SWCNTs) using a proposed atomistic-continuummodeling
(ACM) approach. The modeling approach incorporates atomistic modeling, by virtue of molecular dynam-
ics (MD) simulation, for simulating the initial unstrained equilibrium state, and equivalent-continuum
modeling (ECM), by way of ﬁnite element approximations (FEA), for modeling the subsequent static/
dynamic behaviors.
SWCNTs with various radius and two different chiralities, including zigzag and armchair type, are pre-
sented. To validate the proposed technique, the present results are compared with the literature data,
including numerical and experimental values. Results show that the derived elastic moduli (1.2–
1.4 TPa) when considering these two nanoeffects tend to be more consistent with the published experi-
mental data. In speciﬁc, they can increase up to 17–23% Young’s modulus, 5–15% shear modulus, 6–11%
natural frequencies and 10–30% critical buckling load of the SWCNTs, implying that without considering
these two effects, the material behaviors of SWCNTs would be potentially underestimated.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Soon after the ﬁnding of CNTs in early 1990s (Iijima, 1991),
many scientists and engineers have extensively devoted their ef-
fort to promoting their development and applications. Before full
realization of the potential of the nanotechnologies in engineering
applications, there is much work remaining to be done, such as
good command of their physical properties and behaviors and
well-controlled manipulation of the nano-structures to achieve de-
sired material responses. In literature, extensive experimental
studies using various advanced measurement tools with various
nano-manipulation techniques have been carried out to identify
the mechanical properties and behaviors of CNTs, including
Young’s modulus, shear modulus, buckling behavior, and vibra-
tional response. For example, Treacy et al. (1996) assessed the
Young’s modulus of a set of multi-walled carbon nanotube
(MWCNT) cantilevers under thermal vibration based on the mea-
sured free-end amplitude in a transmission electron microscopy
(TEM). Other relevant references can be found in, e.g., Wong et al.
(1997), Falvo et al. (1997), Krishnan et al. (1998), Yu et al. (2000),
etc. Characterizing the material behaviors of nanomaterials
through experimental methods remains great challenges fromll rights reserved.
+886 3 5727812.
Chen).the physical and mechanical aspects. In practice, most experimen-
tal techniques are generally cost-ineffective, and moreover, difﬁ-
cult to gain the physical insights because of the microscopic
dimensions of nanomaterials.
By contrast, computational approaches are typically more efﬁ-
cient and ﬂexible, and thus become a signiﬁcant and powerful tool
nowadays in the study of nanomaterials. Among the existing atom-
istic computational approaches, the classical MD simulation and
the multi-temporal and spatial scale simulation are two of the
most widely used techniques in nanomechanics (Shen and Atluri,
2004). They have been extensively applied in the characterization
of material properties of CNTs over the past decade. For example,
Lu (1997) estimated the Young’s modulus and Poisson’s ratio of
S/MWCNTs using an empirical force-constant model, and Hernan-
dez et al. (1998) calculated the Young’s modulus of single-walled
carbon and BxCyNz nanotubes using non-orthogonal, tight-binding
(TB) formalism. Some other related literature can be referred to
Yakobson et al. (1996), Iijima et al. (1996), Gao et al. (1998), Lier
et al. (2000), Zhou et al. (2001), etc. Despite the powerful capability
and great efﬁciency of microcomputers today, classical MD simula-
tion is still limited to a relatively small-scale model, only contain-
ing atoms less than 106–108 and duration less than 106–109 s.
This has brought about the demand of more effective modeling
techniques. One of the major developments is the so-called equiv-
alent-continuum modeling (ECM) approach. It has been regarded
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large scale, in contrast to MD simulation. Over the past years, many
ECM models were presented in literature. For example, Ru (2000)
adopted an elastic shell model to study the buckling behaviors of
double-walled CNTs. Odegard et al. (2002) proposed an ECM ap-
proach, based on computational chemistry and solid mechanics,
for simulating nano-structured materials. In this approach, the
interactions between atoms were represented by spring elements.
Li and Chou (2003a,b) investigated the Young’s modulus and shear
modulus of S/MWCNTs using a molecular structural mechanics
(MSM) approach that integrates structural mechanics and classical
molecular mechanics. In addition, Li and Chou (2004a,b) further
applied the approach to investigate the vibrational and buckling
behaviors of CNTs. Moreover, Chang and Gao (2003) predicted
the size-dependent elastic properties of an SWCNT through a
molecular mechanics method, where a closed-form expression
for Young’s modulus and Poisson’s ratio as a function of tube’s
diameter was derived.
Even though these ECM approaches have been proved effective
and efﬁcient, there are still some technical challenges remaining
to be solved. For instance, the surface effect was unfortunately
not well addressed in these approaches. It has been well
recognized as one of the main causes of the size dependence of
material properties in nanomaterials. Many previous studies,
e.g., Cuenot et al. (2004) and Jing et al. (2006), reported that there
presents a strong size dependence in the material properties of
nanomaterials. Other key factors, such as the shape of cross-sec-
tion of nanowires or nanotubes, may also play a signiﬁcant role in
the size-dependent material properties of nanomaterials. For
example, the hollow cross-sectional shape of SWCNTs would ap-
proach to a polygon, instead of a circle, as the radius decreases to
a certain value. Furthermore, the surface effect would induce an
initial relaxed unstrained deformation due to the lost of some
neighbor atoms for the atoms near the surfaces, thus leading to
a pre-stress/strain state from its primary energetically favorable
atomic structure prior to loading. The smaller the dimension of
the nano-structured materials is, the more signiﬁcant the pre-
stress/strain state is. Without comprising the essential factor in
computation using an ECM approach might lead to uncertainty
in the prediction of the nanoscale behaviors of nanomaterials.
Therefore, a more robust and sound ECM model is of great
demand.
Moreover, the effect of the weak in-layer non-bonded vdW
atomistic interactions among atoms was never addressed in an
ECM approach. In literature, the vdW forces have been often used
to model the non-bonded interactions across layers for an
MWCNT (Li and Chou, 2003b). However, based on the usual
convention of molecular mechanics (Rappe and Casewit, 1997),
the non-bonded interactions in a layer between two atoms that
are apart less than or equal to two bonds should be excluded
since they have been implicitly included in any empirical intera-
tomistic potential energy. This implies that those other than that
shall be considered. Moreover, some well-known potential func-
tions, such as Tersoff–Brenner (Brenner, 1990), did not include
the non-bonded interactions either. Neglect of the in-layer vdW
interactions of pair atoms might lead to an over or under
estimation.
In summary, the main focuses of the study are to (1) seek an im-
proved ECM strategy for considering the effect of the resulted pre-
stress/strain state due to the surface effect and (2) explore the
dependence of the weak in-layer vdW atomistic interactions on
the mechanical properties of SWCNTs using an ECM approach. In
the study, we present an improved ECM approach, termed as atom-
istic-continuummodeling (ACM), to particularly address the above
technical issues, including the surface effect and the in-layer non-
bonded interactions.2. Atomisitic-continuum modeling (ACM)
To deal with both the surface effect that induces an initial re-
laxed unstrained deformation from its primary energetically favor-
able atomic structure and the in-layer non-bonded interactions in
an SWCNT, an ACM approach is established in the study. It is worth
mentioning that the applicability of the proposed methodology
would not be limited to an SWCNT system or CNT system but
can be extended to other nanosystems. The approach integrates
classical MD simulation and ECM based on an improved molecular
structural mechanics (MSM) (Li and Chou, 2003a,b) that takes into
account the in-layer non-bonded interactions. Basically, the pro-
posed technique makes use of the merits of these two modeling
techniques. The MD simulation is responsible for the derivation
of an unstrained equilibrium state of an SWCNT system with a
standard lattice arrangement due to the surface effect; on the other
hand, the ECM is in charge of exploring the mechanical properties
of the SWCNT system through various static/dynamic structural
analyses. The initial conﬁguration of the SWCNT system for the
analyses is based on its initial relaxed deformed shape, involving
residual deformation, strain and stress. The advantages of the pro-
posed approach not only uphold the intrinsic computational efﬁ-
ciency of the ECM approach but also take into account these two
nanoeffects (the surface effect and the in-layer non-bonded inter-
actions) in the modeling. The following brieﬂy introduces the the-
oretical backgrounds of the ECM, the surface effect and also the MD
simulation.
2.1. Effective continuum modeling (ECM)
ECM provides a link between molecular mechanics and contin-
uummechanics. It is derived based on molecular mechanics, trans-
forming atomic potential energy between two atoms to an
equivalent-continuum model, such as spring, truss and beam ele-
ments. Accordingly, a ﬁnite element (FE) model corresponding to
any CNT system can be established to calculate the mechanical
properties of CNTs with various geometric structures under differ-
ent loading conditions.
In literature, Li and Chou (2003a,b) adopted beam elements to
simulate the bond forces between two atoms. For MWCNTs, they
applied nonlinear rod elements to model the inter-layer non-
bonded vdW atomistic interactions through the Lennard–Jones
(LJ) potential (Lennard-Jones, 1931). Clearly, the inﬂuence of the
in-layer non-bonded interactions was not considered in those
studies. To improve the modeling accuracy, the in-layer non-
bonded interactions are considered in the current study. They are
modeled using an equivalent nonlinear spring FE model. The asso-
ciated spring constant is derived based on the LJ potential. Further-
more, the covalent bonds between two neighbor atoms in a CNT
system are modeled using an equivalent beam FE model, based
on Li and Chou (2003a). The associated stiffness constants of the
beam elements can be calculated based on molecular mechanics
or existing potential functions. In this study, they are derived based
on the molecular mechanics for simplicity.
The general expression of potential energy Vt for molecules with
covalent bonds was introduced by Cornell et al. (1995), where the
electrostatic interaction is neglected because of the charge neutral-
ization of the CNTs.
Vt ¼
X
Vr þ
X
Vh þ
X
V/ þ
X
Vx þ
X
VvdW ; ð2:1Þ
where Vr, Vh, V/, Vx, and VvdW are the bond-stretching energy, bond
angle variation energy, dihedral angle torsion energy, inversion en-
ergy and vdW interaction energy, respectively.
For a covalent bond structure, such as CNTs, the total potential
energy is basically dominated by the ﬁrst three terms of Eq. (2.1).
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Fig. 1. Illustration of in-layer vdW interactions.
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small deformation the simple expressions for these energy terms
can be written as
Vr ¼ 12Krðr  r0Þ
2 ¼ 1
2
KrðDrÞ2; ð2:2Þ
Vh ¼ 12Khðh h0Þ
2 ¼ 1
2
KhðDhÞ2; ð2:3Þ
and
Vs ¼ V/ ¼ 12KsðD/Þ
2
; ð2:4Þ
where Kr, Kh and Ks are bond stretching, bond angle variation and
torsional resistance force constants, respectively, and Dr, Dh and
D/ represent bond stretching increment, bond angle variation and
angle variation of bond twisting, respectively.
To determine the stiffness and geometric parameters of the
equivalent beam, including Young’s modulus E, shear modulus G,
length L, sectional area A, moment of inertia I, and polar moment
of inertia J, relations between the above constants and the force
constants in molecular mechanics need to be derived. For conve-
nience, the cross-section of equivalent beam is assumed round.
Beam deformations cause the increment of strain energy. In
principle, the stiffness and geometric parameters of an equivalent
beam can be determined according to the relation between the en-
ergy due to atomic interactions and the deformation of the equiv-
alent beam. The strain energy of a beam under a particular
deformation can be characterized using Eqs. (2.2)–(2.4). Based on
the material mechanics, the strain energy of a uniform beam of
length L, Young’s modulus E, and cross-section A subjected to a
pure axial force N is
UA ¼
Z L
0
N2
EA
dL ¼ 1
2
N2L
EA
¼ 1
2
EA
L
ðDLÞ2; ð2:5Þ
where DL is the axial stretching deformation. The strain energy of a
uniform beam subjected to a pure bending moment M is
UM ¼ 12
Z
M2
EI
dL ¼ M
2L
2EI
¼ 1
2
EI
L
ðhBÞ2; ð2:6Þ
where hB is the rotational angle at the end of the beam. The strain
energy of a uniform beam subjected to a pure torsion T is
UT ¼ 12
Z
T2
GJ
dL ¼ T
2L
2GJ
¼ 1
2
GJ
L
ðDbÞ2; ð2:7Þ
where Db is the relative rotation between two ends of the beam.
It can be seen from Eqs. (2.2)–(2.7) that both Vr and UA denote
the stretching energy, both Vh and UM the bending energy, and both
Vs and UT the torsional energy. It is, thus, reasonable to assume that
Dr is equal to DL, Dh is equal to hB, and D/ is equal to Db. By com-
paring Eqs. (2.2)–(2.4) to Eqs. (2.5)–(2.7), respectively, a direct link
between the continuum mechanics parameters and the molecular
mechanics parameters is derived as follows:
Kr ¼ EAL ; Kh ¼
EI
L
; Ks ¼ GJL : ð2:8Þ
As the force constants Kr, Kh, and Ks, as well as the bond length L are
derived based on Cornell et al. (1995), the stiffness and geometric
parameters, E, G, A, I, and J of equivalent beam can be determined.
The in-layer vdW atomic interactions are taken into consider-
ation only when those two atoms are separated beyond two bonds,
based on usual convention of molecular mechanics (Burkert and
Allinger, 1982). As can be clearly observed in Fig. 1, atom J, K, M
and N are less than two bonds apart from atom I, thus not being
included in the modeling of the in-layer non-bonded interactions
while atom L, I0, J0, and K0 consist of a separate distance of morethan two bonds from atom I, thus being taken into account in
the modeling. In the study, the in-layer non-bonded interactions
are characterized by the LJ potential, i.e.
Vvdw ¼ 4e rr
 12
 r
r
 6 
; ð2:9Þ
where r is the distance between two atoms, e the energy at the min-
imum in Vvdw and r the distance between two atoms at which Vvdw
is zero. For carbon atoms, e = 0.0556 kcal/mol, r = 3.4 Å. The ﬁrst
derivative of Vvdw yields the vdW atomic force function:
FðrÞ ¼  dVvdw
dr
¼ 24 e
r
2
r
r
 13
 r
r
 7 
: ð2:10Þ2.2. Molecular dynamics
Molecular dynamics (MD) is a numerical technique simulating
the motions of a system of particles based on the Newton’s second
law of motion. The interactions between atoms are described
through analytical or empirical potential functions (Stillinger and
Weber, 1985; Tersoff, 1988; Brenner, 1990). To characterize the
covalent bond systems, such as CNTs or other fullerenes, the Ters-
off–Brenner potential (Brenner, 1990) has been widely adopted.
The covalent bonding energy in the Tersoff–Brenner potential can
be expressed as
Ecov ¼ fcðrijÞfVRðrijÞ  bijVAðrijÞg; ð2:11Þ
where rij is the distance between two linking atoms, and fc(rij) is a
cutoff function representing a simple decaying function that varies
from 0 to 1 and shows the weighting of covalent bonds under some
distance. fc(rij) is used mainly to enhance the computational efﬁ-
ciency for obtaining the equilibrium position of CNTs. Furthermore,
VR(rij) and VA(rij) denote the repulsive and attractive interactions,
respectively, and bij represents the modiﬁcation term due to the
variation of bond angle. According to Brenner (1990), the Tersoff–
Brenner potential function is short ranged and quickly evaluated,
and more importantly, the in-layer non-bonded interactions such
as vdW forces are not included. The detailed formulation and rela-
tive parameters of the Tersoff–Brenner potential could be found in
Brenner (1990).
It should be noted that the current MD simulation also allows
for the modeling of the in-layer non-bonded interactions. In the
simulation, the Tersoff–Brenner and LJ potentials are integrated
for, respectively, simulating the covalent bonds and the in-layer
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as:
E ¼
X
i
X
j>i
ðEcov þ EvdwÞ; ð2:12Þ
where Ecov is the Tersoff–Brenner covalent bonding energy and Evdw
the LJ non-bonded interaction energy.
To describe stress in a discrete molecular structure presents
great challenging since the calculated results from MD simulation
are discrete. As a matter of fact, the deﬁnition of stress under the
continuum mechanics assumption would not be quite adequate
for use in this study. In measuring stresses on atoms, the virial
stress (Basinski, 1971) is often used to look at the local effect. How-
ever, it has been recognized by Shen and Atluri (2004) that the viri-
al stress is not a correct measure. Alternatively, they introduced a
more solid concept that transfers the discrete atomistic force ﬁeld
into an equivalent continuum system based on the smoothed par-
ticle hydrodynamics (SPH) technique. This technique is applied in
the study to characterize the stress on CNTs.
2.3. Surface effect
In essence, the surface effect would involve considerable self-
balancing behaviors, resulting in substantial pre-stress and
pre-deformation, particularly at the surface or boundary. When
materials are shrunk down to nanoscale, the surface area-to-vol-
ume ratio is radically raised, and unexpected, novel and even
size-dependent physical behaviors compared to our well under-
standing of the mechanics of bulk materials can be detected. The
size-dependent contribution to the material properties or behav-
iors can be strongly dependent on the high surface area-to-volume
ratio at the nanoscale. For example, Chen et al. (2007) reported a
strong size dependence of the elastic modulus of CNTs, which is as-
sumed constant and independent of scale in classical solid
mechanics. Without taking the effect into consideration, uncer-
tainty in the prediction of the physical behaviors of nanomaterials
may be increased.
As mentioned earlier, the conventional ECM approaches are un-
able to deal with this issue. To ease the difﬁculty, the present ap-
proach incorporates MD simulation to determine the initial
relaxed unstrained conﬁguration of CNTs. By the calculated initial
relaxed unstrained conﬁguration, the deformations of the covalent
bonds between atoms are calculated, and furthermore, imposed on
the ECM model by virtue of typical enforced displacement
constraints.(a) Standard lattice configuration   (b)
                        
Fig. 2. Equilibrium state of an SW3. Results and discussion
To characterize the dependence of these two nanoeffects on the
mechanical properties of SWCNTs, such as Young’s modulus, shear
modulus, vibrational and buckling behaviors, four different model-
ing approaches are carried out, including the original MSM model
based on Li and Chou (2003a), the modiﬁed MSM model including
the in-layer non-bonded interactions, the ACMmodel taking no ac-
count of the in-layer non-bonded interactions, and the present
ACM model considering the in-layer non-bonded interactions.
The SWCNTs under investigation include zigzag and armchair
types. Furthermore, to validate the effectiveness of the present
ACM approach, the modeled results are compared with the theo-
retical and experimental published data.
An example of the initial relaxed deformed shape of an SWCNT
(radius = 0.75 nm, length = 4.12 nm) as a result of the surface effect
is shown in Fig. 2, together with the stress contour plot. As can be
seen, due to the surface effect, the deformed SWCNT presents an
hourglass shape, where it consists of a larger radius at two ends
of the tube as compared to the central one. In addition, the self-bal-
ancing behaviors in the initial unstrained equilibrium state induce
certain compressive stresses across the SWCNT, which make it
inhomogeneous in material properties.
3.1. Axial young’s modulus of SWCNTs
Based on the continuum assumption, the axial Young’s moduli
of CNTs can be derived through an axial tension method. When a
structure is subjected to an axial tension (P), its deformation can
be expressed in terms of the elongation (d), the Young’s modulus
(Y), the cross-sectional area (A) and the length (L) of the structure.
As a result, the axial Young’s modulus of the structure can be ex-
pressed as
Y ¼ PL
Ad
; ð3:1Þ
where the cross-sectional area of SWCNTs is deﬁned as
A ¼ pððRouter þ 0:17Þ2  ðRinner  0:17Þ2Þ: ð3:2Þ
Router in Eq. (3.2) stands for the radius of the outermost tube, Rinner
the radius of the innermost tube, and 0.17 a half layered thickness
of CNTs (nm).
The Young’s moduli of SWCNTs as a function of the tube radius
are shown in Fig. 3. Their lengths are all equal to 4.12 nm. It reveals
that in all cases, the axial Young’s moduli for both the zigzag and
armchair types of SWCNTs increase with an increasing radius, Relaxed unstrained configuration
    and stress distribution   
Unit:GPa 
- 
- 
- 
- 
- 
CNT due to the surface effect.
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Fig. 3. Young’s modulus of the SWCNTs as a function of radius.
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becomes greater than 0.5 nm. The converged Young’s modulus for
the armchair type is about 1.10 TPa, 1.22 TPa, 1.20 TPa and
1.39 TPa, associated with the original MSM model (i.e., the ‘‘MSM”
in the ﬁgure), the modiﬁed MSMmodel (i.e., the ‘‘MSM(vdW)”), the
ACM model without the in-layer non-bonded interactions (i.e., the
‘‘ACM”) and the present ACM model comprising the in-layer non-
bonded interactions (i.e., the ‘‘ACM(vdW)”), and that for the zigzag
type is 1.08 TPa, 1.20 TPa, 1.16 TPa and 1.25 TPa, respectively.
Clearly, the Young’s modulus of the armchair type is slightly larger
than the zigzag type because of the difference in intrinsic atomic
structure. The results are consistent with the published data (Li
and Chou, 2003a; Chen et al., 2007). Furthermore, the modiﬁed
MSM model, the ACM model when the in-layer non-bonded inter-
actions are not included, and the present ACM model when
included yield an axial Young’s modulus 10–13%, 7–10% and 17–
23%, respectively, larger than the original MSM model. This
suggests that both these two nanoeffects have a positive impact
on the axial Young’s modulus of the CNT. The reason behind this
can be that the in-layer non-bonded interactions can reinforce, to
some extent, the atomistic structure due to the additional attrac-
tive force while the surface effect brings about an intrinsic self-bal-
ancing contraction on the CNT, resulting in a shortened covalent
bond length and so a larger attractive bonding force. In speciﬁc,
the pre-stress/strain state due to the initial relaxed unstrained
deformation and the in-layer non-bonded interactions can have
up to 7–10% and 10–13% increase in the axial Young’s modulus
of the SWCNTs, respectively, and in total, there is on the order of
a 17–23% increase in the axial Young’s modulus of the SWCNTs.
The above modeled results are further compared to the pub-
lished numerical and experimental data. First of all, the current
MSM model without including the surface effect and the in-layer
non-bonded interactions gives a converged Young’s modulus of
1.08 TPa for the zigzag type, which is in excellent agreement with
Li and Chou (2003a) using an MSM approach (i.e., 1.04 TPa) and
Chang and Gao (2003) applying an analytic model based on classi-cal molecular mechanics (i.e., 1.06 TPa). As further compared to the
nonorthogonal tight-binding result of Hernandez et al. (1998) (i.e.,
1.22 TPa for a zigzag type), and the experimental result of Krishnan
et al. (1998) (i.e., 1.25 TPa), there is as much as about 20% differ-
ence. However, the gap is signiﬁcantly reduced by taking these
two effects into account (i.e., ‘‘ACM (vdW)” in the ﬁgure: about
1.20 TPa for the zigzag type and 1.40 TPa for the armchair).
3.2. Shear modulus of SWCNTs
Shear modulus can be derived by a pure torsion test. When a
uniform circular bar ﬁxed at one end is subjected to a torque (T)
at the other end, its deformation can be represented by the tor-
sional angle (h), shear modulus (G), cross-sectional polar moment
of inertia (J) and length (L) of circular bar. As a result, the shear
modulus can be expressed as
G ¼ TL
Jh
; ð3:3Þ
where the cross-sectional polar moment of inertia is deﬁned as,
J ¼ p
2
ðR4outer  R4innerÞ: ð3:4Þ
As soon as the torsional angle (h) is derived, the shear modulus of
the SWCNTs can be correspondingly obtained.
The shear modulus of the SWCNTs versus radius is shown in
Fig. 4. The ﬁgure shows that there is a strong dependence between
the shear modulus and the radius of the SWCNTs, in which an
increasing radius leads to an increasing shear modulus for both
the zigzag and armchair types. Similar to the Young’s modulus,
the shear modulus associated with these two chirality types all
eventually reaches a converged value as the radius becomes great-
er than 0.9 nm. The calculated shear modulus ranges from about
0.254 TPa to 0.485 TPa for the armchair type and from about
0.308 TPa to 0.495 TPa across the radius range of 0.2–1.6 nm. In
addition, results show that the zigzag type possesses a slightly lar-
0 0.4 0.8 1.2 1.6 2
R (nm)
200
300
400
500
G
(G
Pa
)
MSM
MSM (vdW)
ACM
ACM (vdW)
MSM
MSM (vdW)
ACM
ACM (vdW)
Zigzag
Armchair
Fig. 4. Shear modulus of the SWCNTs as a function of radius.
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the solution tendency of Young’s modulus. On the other hand, it is
consistent with the published data of Lu (1997) using an empirical
force-constant model, i.e., about 0.451 TPa for the zigzag type and
0.436 TPa for the armchair type of the SWCNTs with a radius of
0.4 nm. In other literature, Popov and Van Doren (2000) also found
the shear modulus of the SWCNTs with a radius of 0.8–1.0 (nm) to
be about 0.41 TPa for both these two types of SWCNTs by way of a
lattice-dynamical model. It was also found by Xiao et al. (2005)
that the shear modulus for both the zigzag and armchair types of
the SWCNTs with a radius of 1.0 nm is about 0.47 TPa through an
analytical molecular structural model. The results also agree quite
well with the present results.
Furthermore, these calculated results associated with the four
modeling approaches, i.e., ‘‘MSM”, ‘‘MSM (vdW)”, ‘‘ACM”, and
‘‘ACM (vdW)”, are compared with each other. It turns out that
the modiﬁed MSM model that takes into account the in-layer
non-bonded interactions gives a shear modulus 4–10% larger than
the original MSMmodel. This implies that the in-layer non-bonded
interactions can yield a 4–10% increase of the shear modulus of the
SWCNTs. This can be also conﬁrmed by comparing the calculated
results between the ACM model when the interactions are not
included and the ACM when included, in which as much as aboutTable 1
Natural frequencies of a free-free SWCNT.
Freq. (THz) Zigzag
Mode MSM MSM (vdW) ACM ACM (vdW) The
1 0.507 0.540 0.520 0.568 0.23
2 1.310 1.401 1.350 1.460 0.64
3 1.640 1.720 1.680 1.690 1.26
4 2.320 2.460 2.390 2.600 2.094–10% increase can be observed. By further comparing the ACM re-
sults with the MSM, irrespective of whether the in-layer non-
bonded interactions are included or not, there is about 1–5% differ-
ence. In summary, the resultant inﬂuence of these two nanoeffects
on the shear modulus of the SWCNTs can be up to 5–15%. Clearly,
the degree of impact is slightly less than that of the Young’s mod-
ulus (i.e., 17–23%).
3.3. Free vibration of SWCNTs
The dynamic analysis is to explore the natural frequencies and
mode shapes of SWCNTs under free vibration, and additionally,
to investigate the inﬂuence of the surface effect and the in-layer
non-bonded interactions on these dynamic behaviors. In this
investigation, a free-free and a cantilevered SWCNTs are carried
out in the modal analysis. The outmost radius and length for both
the zigzag and armchair types of the SWCNTs are roughly the
same, and they are about 0.5 nm and 4.1 nm, respectively. The ﬁrst
four natural frequencies associated with these two SWCNTs are
calculated and listed in Tables 1 and 2, respectively, and the
respective mode shapes are depicted in Figs. 5 and 6. The modeled
results are also compared with those derived from the theory of
vibration (Meirovich, 1986) based on the assumption of consider-Armchair
ory MSM MSM (vdW) ACM ACM (vdW) Theory
5 0.586 0.615 0.591 0.621 0.251
8 1.455 1.532 1.460 1.555 0.691
9 1.490 1.581 1.492 1.599 1.355
9 2.450 2.591 2.546 2.725 2.239
(a) (b) (c) (d) 
Fig. 5. Mode shapes of a free-free SWCNT (1st–4th mode).
(a) (b) (c) (d) 
Fig. 6. Mode shapes of a cantilevered SWCNT (1st–4th mode).
Table 2
Natural frequencies of a cantilevered SWCNT.
Freq. (THz) Zigzag Armchair
Mode MSM MSM (vdW) ACM ACM (vdW) Theory MSM MSM (vdW) ACM ACM (vdW) Theory
1 0.089 0.096 0.091 0.098 0.037 0.105 0.110 0.105 0.110 0.039
2 0.526 0.564 0.541 0.580 0.231 0.601 0.631 0.606 0.636 0.247
3 0.858 0.862 0.886 0.889 0.648 0.788 0.834 0.793 0.848 0.691
4 1.200 1.293 1.243 1.336 1.269 1.280 1.355 1.332 1.425 1.355
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ural frequencies of the shell model can be calculated from the fol-
lowing equation,
fn ¼ b
2
n
8pL2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Eðd2o þ d2i Þ
q
s
; ð3:5Þ
where E, do, di, q, L, and bn represent the Young’s modulus (1.2 TPa),
the outer diameter, inner diameter, density and length of an
SWCNT, and the speciﬁc constant of the nth mode. For a free-free
SWCNT, b1 = 4.73, b2 = 7.85, b3 = 10.99 and b4 = 14.13; for a cantile-
vered condition, b1 = 1.87, b2 = 4.69, b3 = 7.85 and b4 = 10.99. The
theoretical results are also listed in Tables 1 and 2.
Tables 1 and 2 show that all the natural frequencies of the arm-
chair type, except the third mode, are slightly higher than those of
the zigzag type. This can be explained by that a structure with
higher Young’s modulus would generally have higher resonant fre-
quencies. In addition, there is a large gap between the present re-
sults and those obtained from the theory of vibration, where all the
present results are larger than the theoretical values, and their dif-
ferences are decreased as the mode becomes higher. The reason for
the large gap might be due to that the thickness of the cylindrical
shell can not be theoretically determined, as a result, leading to a
poor prediction of the vibration behaviors of the SWCNTs using
the theory of vibration.
As can be seen in Figs. 5 and 6, the ﬁrst (Figs. 5 and 6(a)) and
second modes (Figs. 5 and 6(b)) are all a ﬂexural mode; the third
(Figs. 5 and 6(c)) is a radial mode; and the fourth (Figs. 5 and
6(d)) is an axial mode. Based on classical solid mechanics, both
the ﬂexural and axial modes have a direct and strong dependence
on the axial Young’s modulus. The larger the axial Young’s modu-
lus is, the higher the ﬂexural and axial eigenmodes are. On the
other hand, the radial mode involves a radial expansion and con-
traction, and thus, would be more related to the radial Young’s
modulus rather than the axial one. It is why the result trend of
the third mode tends to be inconsistent with that of the others.
This also implies that in order to acquire a more accurate third
mode using an equivalent cylindrical shell model, a precise assess-
ment of the radial Young’s modulus of SWCNTs is essential.
The MSM model taking no account of the in-layer non-bonded
interactions (i.e., ‘‘MSM”) gives a very similar result to Li and Chou
(2004a). Moreover, from Tables 1 and 2, the MSM model with the
in-layer non-bonded interactions enjoys a 4–8% increase in the
natural frequencies, as compared to that without considering it.
Moreover, by further comparing the natural frequencies between
the MSM model and the ACM model, regardless of whether there
are the in-layer non-bonded interactions or not, roughly a 2–3% in-
crease can be detected. In total, these two nanoeffects can create a
6–11% enhancement in the natural frequencies.
3.4. Buckling behaviors of SWCNTs
The inﬂuence of the in-layer vdW force and the surface effect on
the buckling behavior are also studied. An SWCNT with one free
end supporting a load P and one ﬁxed end, as illustrated in Fig. 7,
Pcr
Fig. 7. First buckling mode of a cantilevered SWCNT.
0.2 0.4
R (
0
40
80
Pc
r 
(nN
)
MSM
MSM (vdW)
ACM
ACM (vdW)
MSM
MSM (vdW)
ACM
ACM (vdW)
Euler Eq.
Fig. 8. The critical buckling load of the
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ical buckling load Pcr of the SWCNT can be derived from elastic-
instability analysis based on the following condition for elastic
instability,
½K0 þ kK1w ¼ 0; ð3:6Þ
where w is the buckling-mode shape (eigenvector), K0 is the linear
stiffness matrix, and K1 denotes the geometric stiffness matrix. The
factor k at which buckling occurs is designated as ‘‘kcr”, and
Pcr = kcrP.
Likewise, the current results are compared with the theoretical
predictions based on the theory of structural stability (Chen and
Lui, 1987), where the SWCNT is assumed an equivalent cylindrical
shell. According to the theory of structural stability, the critical
buckling load Pcr for a general cantilevered column can be ex-
pressed as an Euler equation,
Pcr ¼ p
2EI
4L2
; ð3:7Þ
where E is the Young’s modulus of the SWCNT calculated above, I
the moment of inertia, and L the length.
The critical buckling loads of both the zigzag and armchair types
of the SWCNT as a function of tube’s radius are shown in Fig. 8. The
MSM model without the in-layer non-bonded interactions (i.e.,
‘‘MSM”) also yields a very similar result to Li and Chou (2004b).
The ﬁrst buckling mode is a ﬂexural mode, which suggests that
the critical buckling load would strongly depend on the axial
Young’s modulus. It is also found that the critical buckling load
for both the zigzag and armchair types increases as the radius in-
creases. The trend is comparable to that of the theoretical results
based on the Euler equation. Besides, the critical buckling loads of
the armchair type are larger than those of the zigzag, the trend of
which is also in accordance with the study of the Young’s modulus.
Furthermore, results show that the critical buckling load of the
MSM model with the in-layer non-bonded interactions increases
by 8–12% in contrast to that without. Besides, it is observed that0.6 0.8
nm)
Armchair
Zigzag
SWCNTs as a function of radius.
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no matter whether the in-layer non-bonded interactions are in-
cluded or not, there is a 2–18% enhancement in the critical buck-
ling load as a result of the surface effect. Again, the combined
inﬂuence of these two nanoeffects can achieve a 10–30% increase
of the critical buckling load of the SWCNTs.4. Conclusions
The study successfully presents an ACM approach, incorporat-
ing an ECM technique based on a modiﬁed MSM method and MD
simulation, to deal with the static/dynamic behaviors of SWCNTs.
The main feature of the proposed approach is in its ability to simul-
taneously handle those two nanoeffects, the surface effect result-
ing in an initial relaxed unstrained deformation and the in-layer
vdW force, while still maintaining the great solution efﬁciency of
the ECM approach. By the approach, not only the mechanical prop-
erties of SWCNTs but also their dependences on these two effects
are extensively explored.
Some concluding remarks can be drawn:
(1) As a result of the surface effect, SWCNTs would undergo an
hourglass deformation, leading to a considerable self-bal-
ancing compressive stress across SWCNTs at free relaxation
state. This suggests that the material properties of SWCNTs
do not appear homogeneous, and the degree of inhomogene-
ity increases with a decreasing dimension. Not including the
inhomogeneous pre-stress ﬁeld in the modeling would pos-
sibly limit the prediction accuracy of the nanoscale behav-
iors of CNTs.
(2) It is also found that there is a considerably size-dependent
material property in the SWCNTs, including axial Young’s
modulus and shear modulus. An increasing radius leads to
an increasing axial Young’s modulus and shear modulus
for both the zigzag and armchair types. In addition, the
material properties are also dependent on the chirality of
the CNTs, where in contrast to the zigzag type, the armchair
type generally enjoys a larger axial Young’s modulus and
shear modulus, resulting in larger vibrational frequencies
and critical buckling loads.
(3) Results show that the computations that comprise these two
nanoeffects would yield a 17–23% increase in the axial
Young’s modulus of the SWCNTs (i.e., 7–10% for the surface
effect and 10–13% for the in-layer non-bonded interactions),
a 5–15% increase in the shear modulus (i.e., 1–5% for the sur-
face effect and 4–10% for the in-layer non-bonded interac-
tions), a 6–11% enhancement in the natural frequencies
(i.e., 2–3% for the surface effect and 4–8% for the in-layer
non-bonded interactions) and a 10–30% increase of the criti-
cal buckling load (i.e., 2–18% for the surface effect and 8–12%
for the in-layer non-bonded interactions). The degree of
impact of these two effects is considered not trivial, and thus,
they shall not be neglected in the modeling. Most impor-
tantly, the results with these two effects can be in more
agreement with the published experimental and analytical
derivations, as compared to the conventional MSM approach.
(4) From the modal analysis, the third mode of the free-free and
cantilevered SWCNTs is a radial mode involving an hourglass
mode shape, and thus, is less related to the axial Young’s
modulus.
(5) From elastic-stability analysis, the ﬁrst buckling mode is a
ﬂexural mode, suggesting that the axial Young’s modulus
is closely related to the value of the critical buckling load.
Similarly, the critical buckling load for both the zigzag and
armchair types increases with an increasing radius.Acknowledgements
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